Abstract. Let W be an irreducible, finitely generated Coxeter group. The geometric representation provides an discrete embedding in the orthogonal group of the so-called Tits form.
Introduction
We recall that a (discrete) group Γ is amenable if it has a left invariant finitely additive probability on its power set. All we need to know about the class of amenable group is that it is stable under taking subgroups, quotient, and direct limits. It immediately follows that every group Γ has a unique biggest amenable normal subgroup, which we call its amenable radical and denote it R(Γ).
Let S be a set, and M = (m st ) (s,t)∈S 2 a S × S symmetric matrix, with 1's on the diagonal and coefficients in {2, 3, . . . , ∞} outside the diagonal. The group W with presentation (σ s ) s∈S | ((σ s σ t ) mst ) (s,t)∈S 2 , where (we set x ∞ = 1 for all x) is called the Coxeter group associated to the Coxeter matrix M . The Coxeter matrix M defines a non-oriented labelled graph G with S as set of vertices and an edge between s and t if and only if m s,t ≥ 3; this edge being labelled by m st . The decomposition of the graph G in connected components corresponds to a decomposition of W into a direct sum. Thus, most problems about the group structure of W , such as the determination of R(W ), are reduced to the case when M is irreducible, which means by definition that G is connected and non-empty. By abuse of language, we sometimes say that W is irreducible.
Irreducible Coxeter groups fall into three classes:
• Coxeter groups of spherical type. They are locally finite; they are entirely classified: the corresponding diagrams are called A n , (n ≥ 1) B n (n ≥ 2), D n (n ≥ 3), E n (6 ≤ n ≤ 8), F 4 , H 3 , H 4 , I 2 (n) (n ≥ 3) for the finitely generated (hence finite) ones, and A ∞ , A ′ ∞ , B ∞ , D ∞ for the infinitely generated ones.
• Coxeter groups of affine type. They are finitely generated, infinite, virtually abelian. The corresponding diagrams are called
• Non-affine Coxeter groups: these are the remaining Coxeter groups. They contains a nonabelian free group [Ha1] . In the finitely generated case, they are even large, i.e. have a finite index subgroup mapping onto a free non-abelian free group [Gon, MaVi] . This is the class we mainly study. The purpose of the present paper is to exhibit a discrete Zariski dense embedding of every nonaffine Coxeter group in a simple orthogonal group O(p, q) for some p ≥ 2, q ≥ 1. This is actually a combination of a result of Benoist and de la Harpe, and a result of Vinberg, which we provide a new proof based on Kazhdan's relative Property (T). Before this, let us begin by the corollaries. Corollary 1. Let W be the Coxeter group associated to a non-affine irreducible Coxeter matrix. Then its amenable radical is trivial: R(W ) = {1}.
We immediately deduce the amenable radical of an arbitrary Coxeter group.
Corollary 2. Let W be a Coxeter group. Let W = W i ⊕ W j be its decomposition as a direct sum of irreducible Coxeter groups, with W i non-affine and W j affine or spherical. Then
Using a Theorem of Y. Benoist and P. de la Harpe [BenH] , which also plays an essential role in this paper, we obtain several other consequences.
A group Γ is called primitive if it has a proper maximal subgroup Λ containing no nontrivial normal subgroup of Γ, i.e. such that the action of Γ on Γ/Λ is faithful. Using a characterization of primitive linear groups due to T. Gelander and Y. Glasner, we obtain: Corollary 3. Let W be an infinite, finitely generated Coxeter group. Then W is primitive if and only if it is irreducible and non-affine.
We also obtain a characterization of Coxeter groups with simple reduced C * -algebra. If Γ is any discrete group and g ∈ Γ, its regular representation of Γ on
The norm closure of the linear span of the operators λ(g) for g ∈ Γ is called the reduced C * -algebra of Γ and denoted C * r Γ. Corollary 4. Let W be a Coxeter group. Then its reduced C * -algebra C * r W is simple if and only if W has only non-affine factors. Moreover, if these conditions are satisfied, then it has a unique normalized trace.
The existence of a nontrivial amenable normal subgroup is a well-known obstruction for C * r W to be simple, and is conjectured to be the only one for linear groups [BekCH] . Actually Corollary 4 reduces to show that any non-affine irreducible Coxeter group has simple reduced C * -algebra. Actually this had been proved in [Fe] and [BenH, §2, vii] under the additional assumption that the Tits form (introduced below) is non-degenerate; in which case Corollary 1 is an immediate consequence of results of [BenH] .
Remark. An extensive discussion on simplicity of group C * -algebras can be found in [Ha2] , where a part of Corollary 4 (in the finitely generated irreducible case) appears as [Ha2, Cor. 18 ].
Let us now recall the definition of the Tits form. On the vector space R (S) with basis (e s ) s∈S , define a symmetric bilinear form, called the Tits form, by B(e s , e t ) = − cos(π/m st ). Suppose now that S is finite, and let (p, q, r) be the signature of B, meaning that B is equivalent to the form 
By abuse of language, we call (p, q, r) the signature of W . It is known [Bou, Chap. V, §4.8 ] that the Coxeter system is spherical if and only if q = r = 0, i.e. B is a scalar product. If the Coxeter system is irreducible, then q = 0 implies r ≤ 1, and the Coxeter system is affine exactly when (p, q, r) = (p, 0, 1) [Bou, Chap. V, §4.9] .
For s ∈ S, set r s (v) = v − 2B(e s , v)e s . The mapping σ s → r s extends to a well-defined group morphism α, called the Tits representation of the Coxeter group W . By a well-known theorem of Tits, this representation is faithful and has discrete image [Bou, Chap. V, §4.4] .
Denote by O f (B) the subgroup of GL R (S) consisting of those linear maps preserving the form B and fixing pointwise the kernel Ker(B). It is known [Bou, Chap. V, §4.7 
Theorem 5 (Benoist, de la Harpe [BenH] ). Suppose that S is finite, W is irreducible and nonaffine. Then the image α(W ) of the Tits representation is Zariski-dense in O f (B).
The group O f (B) is easily seen to be isomorphic to O(p, q) ⋉ (R p+q ) r . Accordingly, when r = 0, it is isomorphic to O(p, q), whose amenable radical is its centre {±1}. Since infinite irreducible Coxeter groups have trivial centre [Bou, Chap. V, §4, Exercice 3], one thus obtains that if r = 0, then the Coxeter group W has a trivial amenable radical.
However, even if, in a certain sense, "most" Coxeter groups have a non-degenerate Tits form, those with degenerate Tits form are numerous and a classification of those seems out of reach. Here are some examples:
For all a, b, c, d ∈ {2, 3, 4, . . . , ∞} with c, d ≥ 3, the signature of the Coxeter diagram
is (3, 1, 1). The signature of the Coxeter diagram
is (3, 1, 2). In [BenH, §5] , irreducible Coxeter groups with signature p, 1, (p + 1)(p − 2)/2 are exhibited for all p ≥ 4.
The bilinear form B naturally factors through a non-degenerate bilinear mapB on the quotient
We have the following lemma (recall that the Coxeter system is supposed finite, non-affine, and irreducible):
Lemma 6 (Vinberg [Vin, Proposition 13] ; see also [Kra, Proposition 6.1.3] ).
A sketch of our proof of Lemma 6 goes as follows: set N = α −1 (α(W ) ∩ T f ). We must prove that N = {1}. We prove that (W, N ) has relative Property (T), i.e. that every isometric action of W on a Hilbert space has a N -fixed point. On the other hand, all finitely generated Coxeter groups are known [BoJS] to act properly by isometries on some Hilbert space (this is called the Haagerup Property); the combination of these two facts implies that N is finite, hence trivial.
Lemma 6 has the following consequence. Let π be the composite
Theorem 7 (Reduced Tits representation). If W is a non-affine irreducible finitely generated Coxeter group, then the homomorphism π • α embeds W as a discrete, Zariski dense subgroup of PO(B).
Corollary 8. If W is a non-affine irreducible finitely generated Coxeter group, then W embeds as a discrete, C-Zariski dense subgroup of a complex simple Lie group with trivial centre, namely a projective orthogonal group.
In Section 2, we show how Lemma 6 implies all results above, and in Section 3 we prove Lemma 6. The reader may find superfluous to use Kazhdan's Property (T) since a geometric proof already exists; but we have included it here to illustrate a surprising application of relative Property (T).
Remerciements. Je remercie Yves Benoist et Pierre de la Harpe pour les discussionsà ce sujet, et particulièrement Luis Paris pour m'avoir signalé le résultat de Vinberg. Je remercie Goulnara Arzhantseva pour l'intérêt portéà ce papier.
Proof of all results from Lemma 6
We use the easy lemma in the proof of Corollary 1: Lemma 9. If S has at least 3 elements, and the signature of the corresponding Coxeter group is (p, q, r), then p ≥ 2.
Proof : If S has an edge st with finite label m st (possibly m st = 2), then the restriction of B to the plane Re s ⊕ Re t is positive definite, so that p ≥ 2. Otherwise S is the complete graph with all labels infinite, and, when S has 3 elements, a direct computation shows that the signature is (2, 1, 0).
Remark 10. By a less trivial result by Luis Paris [Pa] , if S has at least 4 elements and is connected, then p ≥ 3. On the other hand we have pointed out above that an hexagon with infinite labels has signature (3, 1, 2); we do not know if there exist irreducible Coxeter groups with |S| ≥ 7 and p = 3.
Proof of Theorem 7. The injectivity of the map into O(B) is the contents of Lemma 6. Since infinite irreducible Coxeter groups have trivial centre [Bou, Chap. V, §4, Exercice 3], the composite map into PO(B) is still injective.
The Zariski density of its image follows from Theorem 5. It remains to prove that the image Γ = p•α(W ) is discrete. By a theorem of Auslander [Rag, Theorem 8.24 ], the connected component Γ 0 (in the ordinary topology) is solvable. Since Γ is Zariski dense in the simple group PO(B), it follows that its normal subgroup Γ 0 must be discrete, hence trivial, i.e. Γ is discrete.
Proof of Corollary 8. By Theorem 7, W embeds as a Zariski dense subgroup in the real group PO(B) ≃ PO(p, q) with p ≥ 2 and q ≥ 1. Taking the complexification, we obtain, unless (p, q) = (2, 2) or (3, 1), a C-Zariski dense embedding of W in PO p+q (C) and since 4 = p + q ≥ 3, we are done. If (p, q) = (3, 1), the group PO(p, q) itself has a structure of a simple complex Lie group so the argument works without complexification. Finally, we cannot have (p, q) = (2, 2). Indeed, by a result of Paris (see Remark 10), if |S| ≥ 4 then p ≥ 3.
Proof of Corollary 1. We can suppose W irreducible. If W is finitely generated, then the result immediately follows from Corollary 8. If W is infinite, then the Coxeter graph is a direct limit of finite connected non-affine Coxeter subgraphs, and thus W is a direct limit of finitely generated non-affine irreducible Coxeter groups. Since the property of having trivial amenable radical is stable under passing to direct limits, we are done.
Proof of Corollary 3. It is a easy fact that if a primitive group Γ decomposes as a nontrivial direct product Γ 1 × Γ 2 , then Γ 1 and Γ 2 are simple non-abelian and isomorphic. It immediately follows that any primitive Coxeter group W must be irreducible. If W is an affine Coxeter group, then it cannot be primitive: indeed, let M be a maximal subgroup. Then W is virtually abelian, hence is subgroup separable, i.e. every finitely generated subgroup is the intersection of subgroups of finite index containing it. Moreover every subgroup is finitely generated. It immediately follows that every maximal subgroup in W must have finite index. Therefore, the action of the infinite group W on the finite set W/M cannot be faithful.
Let us now suppose that W is irreducible and non-affine. Gelander and Glasner [GeG] prove that an infinite finitely generated linear group Γ is primitive if and only if there exists an algebraically closed field K, a linear algebraic K-group G, and a morphism Γ → G(K) with Zariski dense image, such that G 0 is semisimple with trivial centre, and the action of Γ by conjugation on G 0 (K) is faithful and is transitive on simple factors of G 0 . It follows from Corollary 8 that this criterion is satisfied.
Remark 11. The primitive finite Coxeter groups are those of type A n (n ≥ 1), D 2n+1 (n ≥ 1), E 6 , and I 2 (p) for p odd prime (note the redundancies I 2 (3) ≃ A 2 , A 3 ≃ D 3 ). Indeed, Coxeter groups of type B n (n ≥ 2), D 2n (n ≥ 2), E 7 , E 8 , F 4 , H 3 , H 4 , I 2 (2n) (n ≥ 2) have centre cyclic of order 2. The only remaining cases are those of type I 2 (n) for odd non-prime n, for which the verification is straightforward.
Conversely, the group of type A n , the symmetric group S n+1 , acts primitively and faithfully on n + 1 elements. The group of type D 2n+1 , isomorphic to S n+1 ⋉ (Z/2Z) n 0 acts affinely and primitively on
Finally, the group W of type E 6 has only one normal subgroup other than trivial ones, namely W + , and it follows that if Λ is any maximal subgroup other than W + , then the action of W on W/Λ is faithful.
Proof of Corollary 4. If C * r W is simple, then W has no nontrivial amenable normal subgroup, so that W has no affine or spherical factor.
Conversely, suppose that W has no non-affine factor. Since the property of having simple reduced C * -algebra with a unique normalized trace is inherited by direct limits [BekH, Lemma 5 .1], we are reduced to the case when W is finitely generated.
The argument is the same as that given in [BenH, §2, vii] , except that, thanks to Lemma 6, we can avoid assuming that B is non-degenerate.
We use the following results:
• [BekH, Theorem 1] If a discrete group Γ embeds as a Zariski dense subgroup in a connected real semisimple Lie group without compact factors, then C * r Γ is simple and has a unique normalized trace.
• [BekCH] If Γ 0 has finite index in Γ, if Γ is i.c.c. (all its nontrivial conjugacy classes are infinite), and if C * r Γ 0 is simple and has a unique normalized trace, then C * r Γ is also simple and has a unique normalized trace.
First suppose that W is irreducible. By Corollary 1, W is i.c.c.; moreover W has a subgroup of index at most 2 embedding as a Zariski dense subgroup in PO 0 (p, q). So the two criteria above apply.
In general, decompose W as W = W 1 × · · · × W n with each W i irreducible non-affine. Then W is i.c.c., and has a subgroup of index ≤ 2 n that embeds as a Zariski dense subgroup in a connected semisimple Lie group with n noncompact simple factors. It follows that C * r W is also simple and has a unique normalized trace.
Remark 12. It is not difficult to see that, conversely, Lemma 6 follows from any one among Corollaries 1, 3, or 4.
Proof of Lemma 6
By [BoJS] , if W is any Coxeter group and l its length function, then there exists an isometric action u of W on a Hilbert space H, and v ∈ H such that l(g) = u(g)v − v 2 for all g ∈ W . On the other hand, recall that, given a group Γ and a subgroup Λ, the pair (Γ, Λ) has relative Property (T) if for every isometric action u of Γ on a Hilbert space H, and every v ∈ H, the restriction to Λ of the function g → u(g)v − v is bounded.
It follows that if W is a finitely generated Coxeter group, and if Λ ⊂ W is a subgroup such that (W, Λ) has relative Property (T), then Λ is finite. In particular, if Λ is torsion-free, this implies Λ = {1}. Thus Lemma 6 follows from the following lemma:
The pair (W, N ) has relative Property (T).
Proof : It is clear from the definition that relative Property (T) is inherited by images. Consider the semidirect product W ⋉ N , with group law (w 1 , n 1 ) · (w 2 , n 2 ) = (w 1 w 2 , w −1 2 n 1 w 2 n 2 ). There is an obvious morphism from W ⋉ N to W sending (w, n) to wn. Thus the lemma reduces to proving that (W ⋉ N, N ) has relative Property (T).
Set V = N ⊗ Z R. Then W ⋉ N naturally embeds as a cocompact subgroup of cofinite volume into W ⋉ V . We are going to show that (W ⋉ V, V ) has relative Property (T). It trivially implies that (W ⋉ V, N ) has relative Property, and then, since Property (T) relative to a given normal subgroup is inherited by subgroups of cofinite volume [Jol, Corollary 4.1(2) ], this implies that (W ⋉ V, N ) has relative Property (T).
So it remains to prove that (W ⋉V, V ) has relative Property (T). By a classical result by Burger, this reduces to proving that the action by conjugation of W ⋉ V on V does not preserve any Borel probability measure on the projective space P (V * ), where V denotes the dual space of V . This action factors through W , so that we have to show that W does not preserve any probability on the projective space P (V * ). Let V 1 denote the vector subspace of T f generated by T f ∩ α(W ). We thus have to show that the action by conjugation of α(W ) on P (T f ) does not preserve any probability. Otherwise, by results of Furstenberg [Zim, §3.2] , some finite index subgroup of α(W ) preserve a nonzero subspace of V * 1 on which it acts through the action of a compact group. But this in contradication with the fact that α(W ) is Zariski dense in O f (B), and that the action by conjugation of the connected semisimple group without compact factors O 0 (B) on T f has no invariant vectors.
